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Abstract
An exhaustive list of four-dimensional Λ-vacuum spacetimes admitting a Killing
vector ξ whose self-dual Killing two-form Fµν is null is obtained assuming that the
self-dual Weyl tensor is proportional to the tensor product of Fµν by itself. Our
analysis complements previous results [20, 27] concerning the case with non-null Fµν .
We analyze both cases with Λ vanishing or not. In the latter case we prove that
Λ < 0 must hold necessarily, and we find a characterization of the Einstein spacetimes
conformal to pp-waves. In the former case we obtain spacetime characterizations of
vacuum plane waves and of the stationary vacuum Brinkmann spacetimes. At the
light of the full set of results, old and new, we reformulate the case with non-null
Fµν and Λ = 0. We finally present a table collecting the results for both null, and
non-null, Fµν .
1 Introduction
Finding properties that locally characterize spacetimes is a relevant problem both in geom-
etry and in physics as it provides us, among other things, with tools to approach uniqueness
results under suitable global assumptions and with methods to describe quantitative devia-
tions from a given spacetime. Characterizations involving the vanishing of a tensorial object
are particularly relevant in this respect. The classic and certainly most important example
is the vanishing of the Riemann tensor that characterizes locally flat metrics. In General
Relativity, the Kerr spacetime and its generalization with non-zero cosmological constant
Λ and/or NUT parameter (the so-called Kerr-NUT or Kerr-NUT-(A) de Sitter spacetimes)
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play a relevant role and substantial effort has been devoted to characterizing them locally.
A number of results along these lines are known involving various properties, such as for
instance separability of the Hamilton-Jacobi equation or, more geometrically, the existence
of a closed conformal Killing-Yano tensor in Λ-vacuum spacetimes (in arbitrary dimensions)
[19, 15, 16]. Characterizations within the class of Λ-vacuum spacetimes of Petrov type D
with shear-free and geodesic principal null congruences have been obtained by Ferrando
and Sa´ez [8].
In the case when the spacetime admits a local isometry with Killing generator ξ, the Kerr
metric was found [20] to be uniquely characterized among stationary and asymptotically flat
vacuum spacetimes by the property that the self-dual Weyl tensor and the self-dual Killing
two-form satisfy a suitable alignment condition, (22) below. This condition was motivated
by previous results of Simon [34] who characterized the Kerr metric in terms of objects
defined in the Killing vector quotient space. The condition of asymptotic flatness was used in
[20] only to fix the values of two constants and to ensure that the Killing vector was timelike
on at least one point. This leads to a local characterization of the Kerr spacetime in terms
of the vanishing of a suitable complex tensor (see Theorem 1 in [21], which however needs
amendment as the condition that ξ is timelike at some point was overlooked; see below for
a detailed discussion of this issue). Such characterization has been used successfully [17, 1]
to prove a uniqueness theorem of rotating black holes under suitable smallness assumptions
(or appropriate boundary conditions at the bifurcation surface) without assuming that the
spacetime is analytic. It has also been used to characterize initial data for the Kerr metric
in [10] and to define a quality factor measuring the deviation of a given metric admitting a
Killing vector with respect to the Kerr metric [9].
This local characterization of Kerr (or of Kerr-NUT, when the conditions on the con-
stants are relaxed [22]) has been extended [27] to the case of Λ-vacuum spacetimes. The
full class of spacetimes satisfying the Einstein field equations with a cosmological constant
Λ (of any value, including zero) and admitting a Killing vector such that the alignment
condition (22) holds was studied in detail by exploiting an interesting underlying conformal
submersion that arises naturally. In particular the Kerr-NUT-(A) de Sitter spacetime was
identified invariantly within this class. The results in [27] have been used recently [26, 25]
to characterize the Kerr-NUT-de Sitter spacetimes (and other (Λ > 0)-vacuum spacetimes)
in terms of their Killing data at past or future null infinity.
All these characterizations of spacetimes in terms of (22) made the assumption that the
square F2 := FαβF
αβ of the self-dual Killing form Fαβ (see below for definitions) is non-zero
somewhere —inside the set {Q 6= 0}. Then F2 is automatically non-zero everywhere and
the spacetime is of Petrov type D at every point. Given the relevance of the spacetimes that
arise under this assumption, it is most natural to ask what happens in the complementary
case when F2 is identically zero. This is the problem we analyze in this paper. By doing
so we complete the local characterization of all Λ-vacuum spacetimes admitting a Killing
vector and satisfying the alignment condition (22). The spacetimes thus characterized turn
out to be, in the case F2 = 0, physically relevant too. This reinforces the idea that the
geometric condition (22) is both physically and geometrically meaningful.
The vanishing of F2 means that the self-dual Killing form is null, and this introduces
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a privileged null direction k defined as the wave vector of Fαβ. Our analysis exploits
the simultaneous existence of ξ and k in the spacetime and extracts relevant geometric
information that plays a crucial role in determining the local form of the metric. Our
main result is summarized in Theorem 1 of Section 5. The classification splits into two
cases depending on whether the cosmological constant vanishes or not. In the first case
the spacetime is either locally isometric to the vacuum plane waves (when ξ and k are
orthogonal) or to the vacuum stationary Brinkmann spacetimes (when they are not). Since
the first class always admits at least a five-dimensional Killing algebra and the second one
also admits more than one linearly independent Killing vector, it may (and it does) occur
that the intersection of both cases is non-empty. We identify this intersection as the class
of vacuum irreducible locally symmetric spacetimes, which depend on a single parameter.
The case of non-zero cosmological constant requires Λ < 0 necessarily and leads uniquely
to the so called Siklos spacetime.
Since this paper completes the classification of Λ-vacuum spacetimes admitting a Killing
vector field ξ such that (22) holds, we include in this paper a table that summarizes all
these results. Before doing so we show that the case {F2 6= 0}, which in [27] was split in
three disjoint classes, can be rearranged for the case with Λ = 0 into two disjoint classes:
(i) the so-called gen-Kerr-NUT, which corresponds to the Kerr spacetime with NUT charge
together with its generalizations from spherical to plane or hyperbolic surfaces, and (ii)
the so-called type D vacuum Kundt. The former class is written in a coordinate system
that covers all cases at once, including the situation where the Killing ξ is hypersurface
orthogonal. This rearrangement in the case {Λ = 0,F2 6= 0} is given in Theorem 2 and
allows us to discuss in detail the omission in the statement of Theorem 1 in [21] already
mentioned above. Indeed, the type D vacuum Kundt class can be singled out by the
property that the Killing vector ξ is orthogonal everywhere to the two null eigendirections
of Fαβ. Thus, when the Killing ξ is timelike at one point the type D vacuum Kundt class
gets automatically excluded. Given that [20] dealt with spacetimes where ξ is timelike
somewhere, this case did not show up in the analysis. The problem was that the quotation
made in Theorem 1 of [21] of the results in [20] did not include this assumption. We
amend the statement in Theorem 3 by including all necessary assumptions and also give
an independent proof based on the splitting in two classes presented in Theorem 2.
The paper is organized as follows. In Section 2 we present our basic assumptions and
find a number of identities that will play a role later. In Section 3 we study the case with
vanishing cosmological constant. After proving in Proposition 1 that, with a suitable choice
of scale, k is a parallel vector field with constant scalar product with ξ, the spacetime is
immediately shown to be a Brinkmann space and the theory of Kerr-Schild vector fields
[7] allows us to determine the most general form of the Killing vector ξ, as well as the
field equations that the remaining metric function must satisfy. At this point, it becomes
necessary to split the analysis depending on whether the (constant) scalar product between
ξ and k vanishes or not, thus leading to the spacetimes identified in Theorem 1 when Λ = 0.
In Section 4 we show in Proposition 2 that Λ < 0 necessarily and that the horizons of ξ
(which is null, hypersurface orthogonal and nowhere zero in this case) have cross sections of
constant negative curvature. From here a local coordinate system is constructed in terms of
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three geometrically defined scalars and a choice of hypersurface transversal to the horizons.
The metric in this coordinate system is simple enough so that the alignment condition (22)
can be imposed and solved immediately. The paper closes with Section 5 where our main
result and the two theorems mentioned above are stated and proven. Finally we summarize
the full local classification of spacetimes satisfying (22), for any value of Λ and any value
of F2, in Table 1.
2 Preliminaries
Throughout this paper, a spacetime (M, g) is a smooth, orientable four-dimensional, con-
nected manifold endowed with a metric g of Lorentzian signature (at least C3). We assume
further that the spacetime is oriented and time oriented. The Levi-Civita covariant deriva-
tive of g is denoted by ∇ and the volume form by ηαβγδ. From now on a tensor field will
be called smooth iff it is C3.
Our basic assumptions are
1. (M, g) admits a Killing vector field ξ with non-identically vanishing self-dual Killing
form Fαβ, defined by
Fαβ := Fαβ + iF
⋆
αβ , Fαβ = ∇αξβ
where ⋆ is the Hodge dual operator. Fαβ is a two-form by the Killing equations and
F is self-dual, i.e. it satisfies F⋆αβ = −iFαβ .
2. The two-form Fαβ is singular, or null, that is to say, it satisfies
F2 := FαβF
αβ = 0. (1)
Any self-dual two-form satisfies the algebraic identities (see e.g. [18])
FµρFν
ρ =
1
4
F2gµν , FµρF
µρ
= 0,
where overbar denotes complex conjugation. Hence, Condition (ii) can be equivalently
stated as
FµρFν
ρ = 0, (2)
so that the self-dual Killing two-form is nilpotent. This entails, in particular, that F and
F ⋆ are simple 2-forms.
2.1 Null eigenvector
Assuming that (2) holds at a given point p ∈M where F is non-zero it follows the existence
of a unique real null 1-form k|p ∈ Λ
1
p such that
k ∧ F|p = 0
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which is also equivalent to kµFµρ|p = 0. This implies that F|p takes the simple form
F|p = k∧V |p for some non-zero complex vector V |p = X|p+ iY |p satisfying g(k|p, V |p) = 0
and g(V |p, V |p) = 0 (i.e. g(X|p, Y |p) = 0, g(X|p, X|p) = g(Y |p, Y |p) > 0). These vec-
tors are defined uniquely up to scaling and shift transformations, given by k˜|p = ak|p,
V˜ |p = a
−1(V |p + bk|p), with a ∈ R \ {0}, b ∈ C. The null direction 〈k|p〉 is algebraically
characterized as the unique real direction lying in the kernel of Fαβ , and it is usually called
the wave vector, or the null eigenvector, of F .
Assume now that F is null and nowhere zero on an open neighbourhood U , then the
decomposition
Fαβ = kαVβ − kβVα (3)
holds on U for smooth vector fields k and V [18]. We show this explicitly for completeness.
From time orientability there exists a unit, future directed timelike vector field u on U . The
scaling and shift freedom at p ∈ U can be uniquely fixed by requiring g(u|p, k˜|p) = −1 and
g(u|p, V˜ |p) = 0. V˜ is smooth on U because Fαβu
β = V˜β and the left hand-side is smooth. k˜ is
also smooth on U because it is uniquely characterized by g(k˜, k˜) = 0, g(k˜, V˜ ) = 0, g(k˜, u) =
−1. Now, the the most general pair of vector fields {k, V } for which (3) holds is given
by k′ = a−1k˜ and V = aV˜ − (b/a)k˜ where a, b are smooth functions on U with b complex
and a nowhere vanishing. By taking a−1 as the positive square root of g(V˜ , V˜ ) (which is
positive everywhere) and defining m := aV˜ we conclude that any nowhere zero self-dual,
null two-form F on an open set U ⊂ M admits the following decomposition in terms of
smooth k′ and m:
Fαβ = k
′
αmβ −mαk
′
β, g(k
′, k′) = g(k′, m) = g(m,m) = 0, g(m,m) = 1. (4)
The complex null vector field m is defined up to m→ m+Bk′, with B an arbitrary smooth
complex function on U .
2.2 Ernst one-form and “energy-momentum” of F .
The Ernst one-form is the complex one-form defined by
χβ := 2ξ
αFαβ (5)
and it is automatically orthogonal to ξ, i.e. ξβχβ = 0. In the null case it also satisfies the
identity
χρFρµ = 0 (6)
as a direct consequence of (2). In fact χ can be explicitly written in terms of k and m as
χµ = 2(ξ
ρk′ρ)mµ − 2(ξ
ρmρ)k
′
µ. (7)
Let N := −g(ξ, ξ) be minus the square norm of the Killing. The real part of the Ernst form
is directly linked to N by
χµ + χµ = 4ξ
ρFρµ = −4ξ
ρ∇µξρ = 2∇µN
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so that we can always write
χµ = ∇µN + iωµ (8)
for some real one-form ω called the twist of ξ and which vanishes if and only if ξα is a
hypersurface orthogonal one-form. We will also use the symmetric tensor
tµν :=
1
2
FµρFν
ρ =
1
2
k′µk
′
ν (9)
which is nothing but the “energy-momentum tensor” of the 2-form Fµν . ξ being a Killing
vector, it follows that £ξFαβ = 0 and thus £ξtαβ = 0, so that (9) implies
£ξk
′
µ = 0. (10)
2.3 Λ-vacuum
Throughout this paper we will assume that the space-time satisfies Einstein’s field equations
for vacuum with a (possibly vanishing) cosmological constant Λ, that is to say,
Rαβ = Λgαβ (11)
where Rαβ is the Ricci tensor (our sign conventions follow e.g. [36]). Such spacetimes will
be called Λ-vacuum. In the specific case that Λ = 0 we will simply say vacuum or, also,
Ricci-flat. The Riemann tensor of Λ-vacuum spacetimes decomposes as
Rαβλµ = Cαβλµ +
Λ
3
(gαλgβµ − gαµgβλ) (12)
where Cαβµν is the Weyl tensor. We shall denote the (right) self-dual of Cαβµν by
Cαβµν := Cαβµν + iC
⋆
αβµν , C
⋆
αβµν :=
1
2
ηµνρσC
ρσ
αβ .
The algebraic properties of the Weyl tensor (i.e. vanishing trace and first Bianchi identity)
imply that Cαβµν can be defined equivalently using the left self-dual of Cαβµν (with obvious
notations) and that the following properties hold
Cαβαµ = 0, Cα[βµν] = 0, (13)
where square brackets denote antisymmetrization. The second Bianchi identities can be
rewritten as
∇αCαβµν = 0 (14)
and the standard identity for Killing vectors ∇β∇λξµ = ξ
αRαβλµ becomes, in the language
of complex self-dual objects,
∇µFαβ = ξ
ν
(
Cνµαβ +
4Λ
3
Iνµαβ
)
, (15)
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where
Iνµαβ =
1
4
(gναgµβ − gνβgµα + iηνµαβ)
is the canonical metric in the space of complex self-dual 2-forms, i.e. a symmetric by pairs
Iνµαβ = Iαβνµ and satisfying IνµαβW
αβ = Wνµ for any self-dual 2-form W. Note that the
trace of I is
Iαµαβ =
3
4
gµβ. (16)
Taking the covariant derivative in (5) one finds
∇µχβ = 2(∇µξ
α)Fαβ + 2ξ
α∇µFαβ
= (F αµ + F
α
µ )Fαβ + 2ξ
αξν
(
Cνµαβ +
4Λ
3
Iνµαβ
)
= −k′µk
′
β + 2ξ
νξαCνµαβ −
2Λ
3
(Ngµβ + ξµξβ) , (17)
where in the second equality we used (15) and in the third equality we used the nilpotency
(2) and expression (9). Hence, the Ernst one-form in Λ-vacuum spacetimes is closed (see
e.g. [22])
∇[µχβ] = 0. (18)
Immediate consequences of (15), combined with (13) and (16), are
∇[µFαβ] = i
Λ
3
ξνηνµαβ , ∇
αFαβ = −Λξβ , (19)
while taking the derivative of the null condition (1) and using (15) gives
2ξνFαβCνµαβ +
4Λ
3
χµ = 0 . (20)
As a preliminary result to be used later, we have
Lemma 1. If the self-dual Killing 2-form F vanishes on a non-empty open neighbourhood
U ⊂M of a Λ-vacuum spacetime, then Λ = 0 necessarily.
Proof. This follows immediately from (19).
2.4 Alignment of C and F
The self-dual Cαβλµ defines an eigenvalue problem acting on self-dual 2-forms. The content
of this problem leads to the important Petrov classification of the Weyl tensor [35]. In the
case under consideration, the space-time has a distinguished self-dual 2-form, the Killing
2-form Fµν . It seems natural to ask what are the implications of Fµν being an eigen-2-form
of Cαβλµ
CαβµνF
αβ ∝ Fµν (21)
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and this was the essential assumption in the several unique characterizations of the Kerr
and other relative spacetimes given in references [20, 21, 22, 23, 27].
The previous relation does not restrict the Petrov type of the space-time in general.
However, a particular simple form where that condition is achieved is by assuming (recall
(1))
Cαβµν = Q
(
FαβFµν −
1
3
F2Iαβµν
)
(22)
= QFαβFµν (23)
which is actually the starting point in [20, 23, 27, 26, 25]. We will assume this condition
herein, even though we will make occasional comments and derive some results for the more
general case above. If (23) holds, then at p ∈M
k′αCαβµν = 0
showing that the real null eigenvector of Fµν is the unique multiple principal null direction
of the Weyl tensor so that the Petrov type is N if Q|p 6= 0, or type 0 if Q|p = 0.
Under the assumption (23) equations (15) and (20) become, after using the definition
of Ernst one-form (5),
∇µFαβ =
1
2
QχµFαβ +
4
3
ΛξνIνµαβ , (24)
Λχµ = 0. (25)
The vector field ξ being Killing, it follows that £ξFαβ = 0 and £ξCαβµν = 0 and thus from
(23)
£ξQ = ξ
µ∇µQ = 0. (26)
We want to elaborate the second Bianchi identity (14) under the alignment condition. We
start with the following identity
Fαβξρηραµν = iF
⋆αβξρηραµν =
i
2
ηαβλσFλσξ
ρηραµν =
i
2
δβλσρµν Fλσξ
ρ
= iξβFµν +
i
2
(δβνχµ − δ
β
µχν) (27)
where in the last equality we have expanded δβλσρµν = 3!δ
β
[ρδ
λ
µδ
σ
ν] and have used the definition
(5). We note that the identity (27) is valid for any self-dual two-form and any vector field
ξ, provided χ is defined as in (5). The second ingredient is the following identity which
only holds for null two-forms as it relies on the expression (4)
Fαβ∇µF
α
ν = Fαβ ((∇µk
′α)mν + k
′α∇µmν − (∇µm
α)k′ν −m
α∇µk
′
ν)
= (k′αmβ − k
′
βmα) ((∇µk
′α)mν − (∇µm
α)k′ν)
= (mβk
′
ν − k
′
βmν)m
α∇µk
′
α
= −Fβνm
α∇µk
′
α (28)
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where in the second equality we used that k′ and m lie in the kernel of F and in the second
one we used the orthogonality properties of k′ and m. The second Bianchi identity (14)
becomes
∇αCαβµν = (∇
αQFαβ − ΛQξβ)Fµν +QFαβ(iΛξ
ρη αρ µν +∇µF
α
ν −∇νF
α
µ)
= (∇αQFαβ − 2ΛQξβ)Fµν + 2QFβ[µm
α∇ν]k
′
α = 0 (29)
where in the first equality we used (19) and in the second we inserted identities (27) and
(28) and used the fact that Λχα = 0, (cf. (25)).
To conclude the section we find an identity for the derivative of the energy-momentum
tensor tµν (9). Direct substitution of (24) yields
∇µtαγ =
1
2
∇µ
(
FαβF
β
γ
)
=
1
2
(
Qχµ +Qχµ
)
tαβ +
2
3
Λξσ
(
IσµαβF
β
γ + IσµγβF
β
α
)
︸ ︷︷ ︸
II
.
To elaborate this further we need an expression for the second term II. We first note the
identity
XαβY
β
γ − XγβY
β
α = 0
which is valid for any pair of self-dual two-forms X , Y (this identity is a direct consequence
of the even more fundamental identity XαβY
β
γ −X
⋆
γβY
⋆β
α =
1
2
gαγXµβY
µβ which holds for
any two 2-forms [18]). Applying this to Iσναβ (in the second pair of indices) and F
β
γ gives
II = IσµαβF
β
γ + IσµγβF
β
α = IσµγβF
β
α + IσµγβF
β
α
=
1
4
(
gσγ(Fαµ + Fαµ)− gµγ(Fασ + Fασ)
)
+
i
4
ησµγβ
(
F
β
α − F
β
α
)
=
1
2
(gσγFαµ − gµγFασ − gασFµγ − gαµFγσ − gαγFσµ) (30)
where in the third equality we inserted the explicit expression for Iσµγβ and in the last one
we used F
β
α − F
β
α = −2iF
⋆ β
α = −iη
β
α ρκF
ρκ and have expanded the product of volume
forms, as in (27). Identity (30) is valid for any self-dual two-form Fαβ = Fαβ + iF
⋆
αβ .
Contracting II with ξσ and using that Λχµ = 0 we finally arrive at
∇µtαγ =
1
2
(
Qχµ +Qχµ
)
tαγ +
Λ
3
(ξγFαµ + ξαFγµ) (31)
It follows from e.g. (25) that the cases Λ = 0 and Λ 6= 0 are different from each other, and
thus we treat them separately.
3 The case Λ = 0
From Lemma 1 we know that the self-dual Killing 2-form F can vanish on an open neigh-
bourhood only if Λ = 0. Thus, we first consider this possibility now. In this case, the main
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assumption (23) implies that the Weyl tensor vanishes, so the spacetime has a vanishing
Riemann tensor and is locally flat. The alignment condition (23) is satisfied by any of
the ten linearly independent Killing vectors (by simply choosing Q = 0) and the subclass
for which F = 0 is the four-dimensional space of covariantly constant vector fields (i.e.
the translations). This is rather an exceptional situation and, as we will see, is included
naturally as a limit in the solutions of the generic case with F 6= 0, which we consider next.
The next proposition goes a long way in identifying the spacetimes contained in this
class.
Proposition 1. Let (M, g) be a vacuum spacetime with a Killing vector ξ such that the
self-dual Killing form Fαβ is null and nowhere zero and the self-dual Weyl tensor takes the
form (23). Then (M, g) admits a smooth, null and parallel local vector field k. Moreover,
ξ and k commute and g(ξ, k) is constant. In the case that this constant is non-zero, k is
defined globally and can be chosen so that g(ξ, k) = −1 (in particular, ξ vanishes nowhere
on M).
Proof. From (9) and (31) with Λ = 0 we have
2∇λk
′
(µk
′
ν) =
1
2
(Qχλ +Qχλ)k
′
µk
′
ν
which is equivalent to
∇λk
′
µ =
1
4
(Qχλ +Qχλ)k
′
µ (32)
meaning that the vector field k′ is recurrent, and in particular mµ∇λk
′
µ = 0 so that the
Bianchi identity (29) simplifies to Fαβ∇
αQ = 0. Thus ∇αQ = Ck
′
α +Bmα which together
with (26) implies
Cξαk′α +Bξ
αmα = 0. (33)
A (local) vector field in the direction of k′ will then be parallel if the proportionality one-
form Qχλ+Qχλ is closed. This is the case as follows from the following calculation. Using
that χ is closed (18),
d(Qχ) = dQ ∧ χ = 2(Ck′ +Bm) ∧ [(ξαk′α)m− (ξ
αmα)k
′] = 2(Cξαk′α +Bξ
αmα)k
′ ∧m = 0
where we have used (7) in the second equality and (33) in the last one. It follows that locally
there exists a real function w (defined up to an additive constant) such that Qχλ +Qχλ =
4∇λw and (32) reads
∇λ
(
e−wk′µ
)
= 0
so that k := e−wk′ is a covariantly constant null vector field. Taking into account that
ξµ∇µw = 0 and (10),
£ξk = 0 (34)
so that ξ and k commute. Moreover the scalar product ξρkρ is constant because
∇α (ξρk
ρ) = (∇αξρ) k
ρ = Re (Fαρ) k
ρ = 0
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because k lies in the kernel of F . Thus g(ξ, k) is either zero everywhere on M or else
vanishes nowhere.
In the latter case we can choose the additive constant in w (i.e. scale k by a constant)
so that g(ξ, k) = −1 everywhere. It follows that k is defined not only locally on M but
also globally. To see this, assume that g(ξ, k′) 6= 0 somewhere. LetMξ be the set of points
where ξ is not zero. Given that k′ is smooth, nowhere zero and globally defined on M, a
smooth vector field k (we use the same notation because a posteriori this vector field is the
same as before) can be uniquely defined on Mξ by the conditions of being proportional to
k′ and satisfying g(ξ, k) = −1. The property of being recurrent is invariant under scaling,
so k is also recurrent and we have ∇αkβ = Wαkβ for some smooth one-form Wα. But then
0 = ∇α (ξρk
ρ) = Re (Fαρ) k
ρ + ξρWαkρ = −Wα
where again we used Fαρk
ρ = 0. Thus k is in fact parallel and smooth on Mξ. It must
extend smoothly to the closure Mξ (consider e.g. geodesics γ starting at p ∈ ∂Mξ into
Mξ and use the property that g(γ˙, k) is constant along the geodesic) and hence to all of
M. Since g(ξ, k) also extends smoothly to all of M (and takes the value −1), we in fact
conclude that ξ had no fixed points on M after all. 
We can now find explicitly the spacetimes satisfying the hypotheses of Proposition 1.
Spacetimes with a covariantly constant null vector field k are called Brinkmann spaces [4].
Schimming [31] has shown that Brinkmann spaces admit local coordinates {v, u, x, y} near
any point p ∈M such that
k = ∂v, k = −du (35)
and the metric takes the form
ds2 = −2dvdu+ 2Hdu2 + dx2 + dy2, (36)
where H(u, x, y) is a function not dependent on v (as k is, in particular, a Killing vector).
These spacetimes are vacuum if and only if H solves the elliptic PDE
H,xx +H,yy = 0. (37)
The local coordinates are not fully fixed and the form (36) together with (35) are kept under
several coordinate changes, see e.g. [35, 3], in particular under the local transformation
u = u′, x = x′ + p1(u), y = y
′ + p2(u), v = v
′ + p˙1x
′ + p˙2y
′ + s(u) (38)
where p1(u) and p2(u) are functions of only u, dots stand for derivative with respect to u,
and the new function H ′(u′, x′, y′) is
H ′ = H + p¨1x
′ + p¨2y
′ + s˙ +
1
2
(
p˙21 + p˙
2
2
)
.
It follows that any terms linear on x and y (with u-dependent coefficients) appearing in H
can be removed by such a transformation, while keeping the vacuum condition (37). We
will use this freedom presently.
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We want to identify which subclass of Brinkmann spacetimes are included in the space-
time satisfying the hypotheses of Proposition 1. Our strategy is to identify the null self-dual
two-forms Fαβ associated to a Killing vector ξ in the coordinates where (36) holds. Then,
we will also require that the alignment condition (23) holds.
To that end, observe that the metric (36) takes a Kerr-Schild form [35]
g = η + 2Hk ⊗ k (39)
where η is the flat Minkowski metric. Hence, any Killing vector ξ of the metric with the
property (34) satisfies
£ξg = £ξη + 2ξ(H)k⊗ k = 0 =⇒ £ξη = −2ξ(H)k⊗ k
and these are called Kerr-Schild vector fields [7] of the Minkowski spacetime relative to the
parallel null direction k. The general solution for such Kerr-Schild vector fields was found
in [7] and, taking into account (34) they read (adapting the notation)
ξ = −g(ξ, k)∂u +
(
a˙x+ b˙y + c(u)
)
∂v + (a(u) + αy)∂x + (b(u)− αx)∂y
for arbitrary real functions a(u), b(u), c(u) and constant α ∈ R, and with
ξ(H) = c˙ + a¨x+ b¨y. (40)
To check which of these vector fields produce a null Killing 2-form, we first note that
ξ = g(ξ, k)dv −
(
a˙x+ b˙y + c(u) + 2Hg(ξ, k)
)
du+ (a(u) + αy)dx+ (b(u)− αx)dy
so that
dξ = 2du ∧
[
(a˙+ g(ξ, k)H,x) dx+
(
b˙+ g(ξ, k)H,y
)
dy
]
+ 2αdy ∧ dx
and the 2-form dξ is null, with k as null eigenvector, if and only if α = 0, which we assume
henceforth. Therefore,
ξ = −g(ξ, k)∂u +
(
a˙x+ b˙y + c(u)
)
∂v + a(u)∂x + b(u)∂y , (41)
the PDE (40) becomes
ξ(H) = −g(ξ, k)H,u + a(u)H,x + b(u)H,y = c˙+ a¨x+ b¨y (42)
and the Killing null 2-form F = dξ/2 and its dual are (the basis {∂v, ∂u, ∂x, ∂y} is taken as
positively oriented)
F = du ∧
[
(a˙+ g(ξ, k)H,x) dx+
(
b˙+ g(ξ, k)H,y
)
dy
]
,
F ⋆ = du ∧
[
−
(
b˙+ g(ξ, k)H,y
)
dx+ (a˙+ g(ξ, k)H,x) dy
]
.
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Thus, we have
F =
(
a˙− ib˙+ g(ξ, k)(H,x − iH,y)
)
du ∧ (dx+ idy). (43)
Given the simple form of the metric (36), it is a matter of straightforward calculation to
compute the self-dual Weyl tensor Cαβµν , which turns out to be
Cαβµν = −
1
2
(H,xx −H,yy − 2iH,xy)VαβVµν (44)
where V is the self-dual two form
V = k ∧ (dx+ idy) = −du ∧ (dx+ idy).
Thus, our main assumption, the alignment condition (23), is clearly satisfied for (41) as
follows from (44) and (43).
Now it becomes necessary to split the analysis into two cases, namely when g(ξ, k) = −1
and when g(ξ, k) = 0.
In the case g(ξ, k) = 0, equation (42) implies after derivation with respect to x, y and
taking (37) into account
a(u)H,xx + b(u)H,xy = a¨, a(u)H,xy − b(u)H,xx = b¨
so that H,xx and H,xy depend only on u (note that a(u) and b(u) cannot vanish simultane-
ously on an open interval because F is assumed to be non-zero, cf. (43) with g(ξ, k) = 0).
It follows that there exist five (real) functions A(u), B(u), s1(u), s2(u), s3(u) such that
H =
1
2
A(u)
(
x2 − y2
)
+B(u)xy + s1(u)x+ s2(u)y + s3(u) (45)
and the equation (42) requires
a¨ = Aa +Bb, b¨ = Ba− Ab, (46)
c˙ = s1a+ s2b. (47)
However, as mentioned after equation (38), all linear terms in x and y with arbitrary u-
dependent coefficients can be removed in (45) by means of the transformation (38), and
thus we can assume, without loss of generality, that s1 = s2 = s3 = 0 which in particular
implies, from (47), that c = c0 is a constant.
1 The general solution of the system (46)
has four integration constants. We have thus found that the most general local form of a
spacetime satisfying the hypotheses of Proposition 1 with g(ξ, k) = 0 can be written as
ds2 = −2dudv + dx2 + dy2 +
(
A(u)(x2 − y2) + 2B(u)xy
)
du2, (48)
ξ = (a˙x+ b˙y + c0)∂v + a∂x + b∂y , (49)
1The explicit coordinate change (38) that achieves this has {p1, p2, s} solving the system of ODEs
p¨1 = Ap1 + Bp2 + s1, p¨2 = Bp1 −Ap2 + s2,
2s˙ = 2s3 +A(p
2
1
− p2
2
) + 2Bp1p2 + 2s1p1 + 2s2p2 + p˙
2
1
+ p˙2
2
.
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where c0 ∈ R and {a(u), b(u)} is any solution of (46). If A(u) = B(u) = 0 on some
non-empty set U ⊂ M then (U , g) is obviously locally flat leading to the exceptional case
mentioned at the beginning of this section. If, on the other hand, A(u) and B(u) do not
vanish simultaneously on any open set U ′, these metrics are called vacuum plane waves
[2, 35], they admit the 5 parameter family of Killing vectors (49). The alignment condition
(23) holds for any of these Killing vectors. The Killing form is (see (43))
Fαβ = (−a˙ + ib˙)Vαβ
and the proportionality function Q is, from (44),
Q = −
A− iB
(a˙− ib˙)2
.
The set of points where Fαβ = 0 (i.e. those with a˙ = b˙ = 0), which were excluded by
the hypothesis of F being non-zero, can be attached to the spacetime at the cost of Q
being non-smooth there. However, this is merely an artifact of the proportionality function
between the Killing form Fαβ and the two-form Vαβ becoming zero. The extended spacetime
obviously remains smooth also at those points.
The case g(ξ, k) = −1 is simpler. Consider the coordinate transformation (38) with
p1, p2, s satisfying
p˙1 = a, p˙2 = b,
d
du
(s− p1p˙1 − p2p˙2) = c˙− ap˙1 − bp˙2.
The Killing vector ξ in (41) is simply ξ = ∂u in the new coordinates. It follows that we can
assume without loss of generality ξ = ∂u (i.e. a = b = c = 0) in the expressions above. The
PDE (42) states simply that H(x, y) is independent of u. Therefore, these are precisely the
stationary vacuum Brinkmann spacetimes (or the stationary vacuum pp-waves) considered
in [14]
ds2 = −2dudv + dx2 + dy2 + 2H(x, y)du2, H,xx +H,yy = 0, ξ = ∂u. (50)
This metric admits in general a 2-parameter family of Killing vectors generated by the
parallel k and by ξ. The length of the 2-form k ∧ ξ is constant.
Note that H being a solution of the Laplace equation (37), H is the real part of some
complex function σ holomorphic in the variable ζ = x+ iy. We also have
Fαβ = (H,x − iH,y)Vαβ = σ,ζVαβ.
The alignment condition (44) can be rewritten as
Cαβµν = −σ,ζζVαβVµν
so that, since we are assuming F 6= 0, the function Q reads
Q = −
σ,ζζ
(σ,ζ)2
.
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As in the previous case, the set of points where Fαβ = 0, which are given by the zeros
of the holomorphic function σζ and were excluded by assumption, can be attached to the
spacetime at the cost of making Q non-smooth there, but keeping the extended spacetime
fully smooth also at those points.
Remark: It must be noticed that there is a non-empty intersection of the two families
of spacetimes identified in this section. They are given by the analytic function σ = βζ2
with β ∈ C, 2β = A − iB —where now A,B are constants. In this case there is a
6-parameter family of Killing vectors satisfying the alignment (23). These metrics are
precisely the irreducible locally symmetric vacuum spacetimes, that is, they satisfy the
condition ∇ρRαβµν = 0, and were identified in [6], see also [3]. For later reference, we
write down explicitly the metric and the Killing vectors. Define constants κ > 0 and α by
A = κ2 cos(2α) and B = κ2 sin(2α). Then, the coordinate change x′ = x cosα + y sinα,
y′ = −x sinα + y cosα transforms the metric (after dropping the primes) into (48) with
A = κ2 > 0 and B = 0. The solution of (46) (with A = κ2, B = 0) is
a(u) = c1e
κu + c2e
−κu, b(u) = c3 cos(κu) + c4 sin(κu), (51)
where c1, c2, c3, c4 are arbitrary constants. Thus, the metric and Killing vectors are
ds2 =− 2dudv + dx2 + dy2 + κ2(x2 − y2)du2, (52)
ξ =
(
c0 + κx(c1e
κu − c2e
−κu) + κy(−c3 sin(κu) + c4 cos(κu))
)
∂v+
+ (c1e
κu + c2e
−κu)∂x + (c3 cos(κu) + c4 sin(κu))∂y + c5∂u. (53)
The alignment condition is satisfied by any non-trivial Killing vector in (53). If c5 6= 0 we
are in the case g(ξ, k) 6= 0 while c5 = 0 corresponds to g(ξ, k) = 0. The proportionality
factor Q in (23) for the general Killing (53) takes the form (with a(u), b(u) as in (51))
Q =
−κ2(
a˙− ib˙− c5κ2(x+ iy)
)2 .
4 The case Λ 6= 0
In the Λ-vacuum case we start with the following result
Proposition 2. Let (M, g) be a Λ-vacuum (Λ 6= 0) spacetime with a Killing vector ξ such
that the self-dual Killing form Fαβ is null and such that the self-dual Weyl tensor takes
the form (23). Then Λ < 0, both Fαβ and ξ vanish nowhere and ξ is null, hypersurface
orthogonal, pointing along the principal null direction of Fαβ. Moreover, the quotient metric
on each null hypersurface orthogonal to ξ is of negative constant curvature R(2) = 2Λ
3
.
Proof. Consider the set U where Fαβ is not zero. To start with, U cannot be empty, as
otherwise F would vanish on M which is impossible for Λ 6= 0 according to Lemma 1.
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From (25), on U we have χµ = 0 = ξ
νFνµ, so that ξ must be proportional to the unique
principal null direction k of Fµν . Thus
ξα = Lk
′
α (54)
for some function L. Note that ξ is automatically null, so N = 0. L is in fact a constant
directly related to Λ as follows from (17) with χµ = 0 and N = 0
0 = −k′µk
′
ν −
2
3
Λξµξν = −k
′
µk
′
ν
(
1 +
2
3
ΛL2
)
leading to
Λ = −
3
2L2
< 0 . (55)
From (9) we have 2tµν = 2FµρF
µ
ν = −
2Λ
3
ξµξν. This shows that ∂U is empty as otherwise,
at p ∈ ∂U , we would have both Fαβ|p = 0 and ξα|p = 0 which cannot happen for non-
identically zero Killing vectors. Thus, U =M and neither Fαβ nor ξ vanish anywhere.
Equation (31) becomes, on using (9),
k′γ
(
∇µk
′
α −
2Λ
3
LFαµ
)
+ k′α
(
∇µk
′
γ −
2Λ
3
LFγµ
)
= 0
so that
∇µk
′
α =
2Λ
3
LFαµ = −
1
2L
[
k′α(mµ +mµ)− k
′
µ(mα +mα)
]
. (56)
This expression implies, in particular, that k′α (and hence ξα) is hypersurface orthogonal.
Thus, by the Fro¨benius theorem, through each point p ∈M there passes a unique, maximal,
injectively immersed null hypersurface Hp orthogonal to ξ. We call such hypersurfaces
“horizons”. From (56) we know that any spacelike section S of Hp has a vanishing second
fundamental form along k′, which also implies that the mean curvature vector of S in M
is null. This, together with the fact that k′µCµναβ = 0 and using the standard form of the
Gauss equation for S (see e.g. formula (9) in [32], the formula previous to (7) in [24], or
eq.(16) in [13]) leads to
KS =
R(2)
2
=
Λ
3
where KS represents the Gaussian curvature of S and and R
(2) its scalar curvature. 
We want to use the information provided in the proof of this Proposition to determine
the local form of the spacetime metric. To that aim we use that k′ is integrable and nowhere
zero and introduce two smooth functions f and u such that
k′ = −fdu. (57)
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Since neither f nor du vanish anywhere we can, without loss of generality, assume that
f > 0. Let us find the PDE’s that this function satisfies. Combining the exterior differential
of (57) dk′ = f−1df ∧ k′ with expression (56) yields
1
L
(mα +mα) = −
1
f
∇αf + h1k
′
α (58)
for some smooth function h1. Note that this expression implies in particular that
∇αf∇
αf =
2f 2
L2
. (59)
Inserting (57) and (58) into (56) it follows
∇µ∇αu = −
1
2f
(∇αu∇µf +∇µu∇αf) .
We can evaluate the integrability conditions of this equation. Using the fact that
Cραµβ∇ρu = −
1
f
Cραµβk
′
ρ = −
1
f
Re
(
Cραµβk
′
ρ
)
= 0,
the integrability condition turns out to be
∇[βu
(
1
f
∇µ]∇αf −
1
2f 2
∇µ]f∇αf −
1
L2
gµ]α
)
= 0
which is equivalent to
∇µ∇αf −
1
2f
∇µf∇αf −
1
L2
fgµα = h2∇µu∇αu (60)
for some smooth function h2. At this point, it is convenient to define a smooth positive
function x by f := 2L
x2
. In terms of x, the norm condition (59) and the Hessian equation
(60) become
∇αx∇
αx =
x2
2L2
, (61)
∇µ∇αx−
2
x
∇µx∇αx+
x
2L2
gµα = −
h2x
3
4L
∇µu∇αu (62)
and we also have, from (58),
k′α∇αx = 0. (63)
We now construct a local coordinate system near any point p ∈M. Consider a hypersurface
Σ passing through p and transversal to the horizon Hu(p) := {u = u(p)}. Consider an open
neighbourhood Up of p and define Iu ⊂ R as the set of values of u such that the horizons
Hu of constant u intersect Up. Restricting Up if necessary we can fulfill the following three
conditions:
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• Iu is connected,
• Σ is transverse to Hu for all u ∈ Iu,
• the spacelike surface Su = Σ ∩ Hu is non-empty and connected for all u ∈ Iu.
Let Su,v be the set for surfaces obtained by Lie dragging Su along the (affinely parametrized)
null generator with tangent ξ of Hu and satisfying Su,v=0 = Su. Restricting Up further we
can assume that v takes values on an open interval Iv containing zero and that all Su,v,
∀v ∈ Iv are diffeomorphic to Su. Moreover we can assume all Su, u ∈ Iu to be simply
connected.
Consider the function xS := x|Su,v restricted to the surface Su,v and endow Su,v with the
induced metric h and the corresponding Levi-Civita covariant derivative, which we denote
by D. The pull-back of the Hessian of a function F and the Hessian of the restriction FS
on an embedded submanifold S with embedding ϕ are related by
HessD FS = ϕ
⋆(HessF )− g(II, gradF ) (64)
where II is the shape tensor —also called second fundamental form vector — of S in M
(see e.g. [28]). In order to apply this to xS we observe that the shape tensor of Su,v satisfies
g(II, k′) = 0, because Su,v lies in a horizon, which as seen in the proof of Proposition 2 are
null hypersurfaces with identically vanishing second fundamental form. This means that II
is parallel to k′ and we have g(II, gradx) = 0 as a consequence of (63). Pulling-back (62)
onto Su,v by means of (64) we thus find
DADBxS −
2
xS
(DAxS)(DBxS) +
xS
2L2
hAB = 0 (65)
where hAB is the induced metric on Su,v. Moreover, from (61) and (63) the square norm of
xS satisfies
(DAxS)(D
AxS) =
x2S
2L2
.
The trace of (65) is therefore
DAD
AxS = 0
so that xS is a harmonic function with dxS nowhere vanishing. Its Hodge dual ⋆dxS in
Su,v is then a closed one-form and simply connectedness of Su,v implies the existence of a
function yS satisfying ⋆dxS = dyS. By construction dxS and dyS are mutually orthogonal
and have the same norm, which implies that the metric hAB takes the form
h =
2L2
x2S
(
dx2S + dy
2
S
)
.
This metric has constant negative curvature equal to −1/(2L2) in accordance with Propo-
sition 2. The pair {xS, yS} is a coordinate system of Su,v. The function yS is defined up to
an additive constant on each Su,v. We can fix partially this constant by selecting, on each
Hu one null generator γ(v) and imposing yS|γ(v) = y0 for some fixed constant y0.
18
By construction the set of coordinates which assigns to each point q ∈ Up the values
{u, v} of the surface Su,v containing q and the values {xS, yS} of its coordinates within Su,v
is a coordinate system of Up. We will denote this coordinate system by {v, u, x, y} (we can
use x because by construction this coordinate agrees with the function x introduced before).
We already know that k′α∇αu = 0 from (57), and we also have (63) and k
′α∇αv = 1/L,
the latter as a consequence of v being the affine parameter associated to ξ = Lk′. Moreover
k′α∇αy = 0 , as we show next. We work within a fixed Hu0 . Let W1,W2 be vectors tangent
to Su0,v satisfying [k
′,W1] = [k
′,W2] = 0. k
′ being an isometry implies that
0 = £k′(g(W1,W2)) = £k′(h(W1,W2)) = £k′
(
2L2
x2
(dx(W1)dx(W2) + dy(W1)dy(W2))
)
=
2L2
x2
d(£k′y)(W1)d(£k′y)(W2)
where in the last equality we used (63) (i.e. £′kx = 0) and the fact that the Lie derivative
commutes with the exterior differential. Since this holds for any W1, W2 tangent to Su0,v,
the only possibility is d(k′(y)) ∝ dv, i.e. that there exists a function G(v) on Hu0 such that
k′(y) = G(v). Since k′(y) vanishes on a null generator γ(v), it must be G(v) = 0, and hence
k′(y) = 0. As the argument applies to each Hu, we conclude k
′α∇αy = 0, as claimed.
In summary, the vector field k′ takes the form
k′ =
1
L
∂v
in the local coordinates {v, u, x, y}. Taking (57) into account and the definition of x we
derive the metric coefficients gvα = −
2L2
x2
δuα and the spacetime metric must take the local
form
g =
2L2
x2
(
−2dudv + dx2 + dy2 + 2C1dudx+ 2C2dudy + C3du
2
)
(66)
for some functions C1, C2, C3 depending on u, x, y (because ξ = ∂v is a Killing vector). The
construction of the coordinates described above was based on the choice of a transversal
hypersurface Σ, which in this coordinates becomes Σ = {v = 0}. The freedom in choosing
Σ is reflected in the coordinate freedom v = v′ + s(u, x, y) which leaves the form of the
metric invariant and transforms the functions C1, C2 and C3 to
C ′1 = C1 − s,x, C
′
2 = C2 − s,y, C
′
3 = C3 − 2s,u.
Given the simple form of the metric we can now impose directly the conditions of (M, g)
being Λ-vacuum and satisfying the alignment condition (23). Computing the Ricci tensor
of (66) one finds
Rux − Λgux =
1
2
∂y (∂xC2 − ∂yC1) = 0,
Ruy − Λguy = −
x2
2
∂x
[
x−2 (∂xC2 − ∂yC1)
]
= 0.
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The first equation implies that ∂xC2 − ∂yC1 = q(x, u), which inserted in the second yields
∂x(x
−2q) = 0, i.e. q = −x2r(u), for some smooth function r(u). The functions C˜1 and C˜2
defined by C˜1 := C1 − r(u)x
2y, C˜2 = C2 satisfy then
∂xC˜2 − ∂yC˜1 = ∂xC2 − ∂yC1 + r(u)x
2 = 0
so that there exists a function s(u, x, y) such that s,x = C˜1 and s,y = C˜2. Applying the
coordinate change v = v′ + s the form of the metric simplifies to (we drop the primes in v
and set M := C ′3)
g =
2L2
x2
(
−2dudv + dx2 + dy2 + 2r(u)x2ydudx+Mdu2
)
. (67)
The Λ-vacuum field equations are satisfied if and only ifM solves the linear inhomogeneous
PDE
M,xx +M,yy −
2
x
M,x − r
2x4 = 0.
A particular solution of this equation is 1
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r2(u)x6, so that the general solution is
M = H +
1
18
r2(u)x6 (68)
with H any solution of the homogeneous equation
H,xx +H,yy −
2
x
H,x = 0. (69)
To solve this equation (cf. [33, 30]), perform the following change of dependent variable
H = x2∂x
[
h˜(u, x, y)/x
]
(70)
which transforms (69) into
x
(
h˜,xxx + h˜,yyx
)
− h˜,xx − h˜,yy = x
(
h˜,xx + h˜,yy
)
,x
−
(
h˜,xx + h˜,yy
)
= 0
whose general solution reads h˜,xx + h˜,yy = xf(u, y) for some smooth arbitrary function f
independent of x. This provides the general solution for h˜ as follows
h˜ = xg(u, y) + h(u, x, y)
where g(u, y) is arbitrary and
h,xx + h,yy = 0. (71)
Introducing this into (70) one checks that
H = x2 (g(u, y) + h(u, x, y)/x),x = x
2 (h(u, x, y)/x),x
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so that g(u, y) does not contribute to the function H and the general solution of (69) is
given by
H = x2 (h/x),x (72)
with h(u, x, y) any solution of (71).
The self-dual Killing form Fαβ associated to ξ = ∂v of the metric (67) is
Fαβ = k
′
αmβ − k
′
βmα
with m = L
x
(dx + idy) in agreement with (58). In particular Fuv = 0. Computing the
self-dual Weyl tensor of (67) one finds
Cv uu y =
L2r(u)
x
hence the alignment condition (23) forces r(u) = 0. This restriction turns out to be sufficient
for the validity of (23), with the function Q taking the value
Q =
x4
8L2
(−H,xx +H,yy + 2iH,xy)
where H is given by (72). In conclusion, the most general solution of Λ-vacuum spacetimes
with a Killing vector ξ with null-self-dual Killing form and satisfying the alignment condition
(23) can be written in local form as
g =
2L2
x2
(
−2dudv + dx2 + dy2 + x2 (h/x),x du
2
)
, h,xx + h,yy = 0, ξ = ∂v, (73)
with h any u-dependent solution of the Laplace equation (71). Therefore, h is the real part
of any arbitrary u-dependent holomorphic function σ(u, x+ iy). This spacetime is known
as the Siklos wave solutions [33] and corresponds also to the class (IV )0 in [29], and they
happen to be the only non-trivial Einstein spaces conformal to non-flat pp-waves [33], see
also [12, 30].
It is noteworthy that anti-de Sitter (AdS) spacetime is included in the metric (73) for
the case with h the real part of the function σ = (A(u)− iB(u))ζ2, giving
h = A(u)(x2 − y2) + 2B(u)xy =⇒ H = A(u)(x2 + y2).
This case has Q = 0, and the metric being conformally flat, it is a portion of AdS. Observe
that the metric without the conformal factor 2L2/x2 describes the electromagnetic plane
waves [35], which are known to be conformally flat.
Remark: Along the way, we have found another class of Λ-vacuum spacetimes given
by (67) with (68) together with (71-72) and a non-vanishing function r(u). This solution
does not satisfy the special alignment condition (23) but, as one can easily check, it does
satisfy the more general alignment condition (21). The Petrov type of this metric is III and
was identified previously in [11] (case 3, formula (20) there).
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5 Main theorems and concluding remarks.
We finish the paper with a theorem that collects our main results herein and with a dis-
cussion that summarizes all the results concerning characterizations of spacetimes subject
to our main assumption (22).
Theorem 1. Let (M, g) be a Λ-vacuum C3 spacetime admitting a Killing vector ξ with null
self-dual Killing form Fαβ. Assume that the Weyl tensor satisfies the alignment condition
(23) where Q is a C1 function except possibly at the boundary of the set MF := {Fαβ = 0}.
If MF = M, then the spacetime is locally isometric to the Minkowski flat spacetime
and Λ = 0.
If MF 6=M then Λ ≤ 0 and furthermore
• if Λ < 0, then MF = ∅ and the spacetime is locally isometric to the Siklos wave
spacetimes (73) —including AdS as a particular case.
• if Λ = 0 the spacetime is either locally isometric to the vacuum plane waves (48)
(when ξ is orthogonal to the wave vector of Fαβ), or to the vacuum and stationary
Brinkmann spacetimes (50) (when ξ is not orthogonal to the wave vector of Fαβ).
The intersection of both cases is non-empty, corresponds to the case with A and B
constant in the vacuum plane waves and leads to the irreducible Lorentzian locally
symmetric vacuum spacetimes (52).
As discussed in the introduction, one of the motivations of this work was to complete
the classification of Λ-vacuum spacetimes admitting a Killing vector and satisfying the
alignment condition (22). When F2 6= 0 this was developed in [20, 22] in the case of Λ = 0
and in [27] when Λ 6= 0. In this paper we have considered the remaining case F2 = 0, so it
makes sense to summarize all these results here. Given that the entire class satisfying (22)
has now been fully identified we have now a clearer perspective on the results, and thus it
is worth to re-consider and re-organize some of them. This is what we do next.
The classification in the case Λ 6= 0 and F2 6= 0 discussed in [27] leads to three disjoint
classes labeled (A), (B.i) and (B.ii) in Theorem 4 of [27], and the Kerr-NUT-(A) de Sit-
ter spacetime (which includes the non-rotating Schwarzschild-NUT-(A) de Sitter case) is
located partly in the class (B.i) and partly in the class (B.ii). Something similar happens
in the vacuum case, but since the situation is simpler these two classes can be reorganized
so that they remain disjoint and one of them contains the whole class of Kerr-NUT met-
rics (and their plane and hyperbolic generalizations). The following theorem provides this
splitting in the vacuum F2 6= 0 case.
Theorem 2. Let (M, g) be a smooth vacuum spacetime admitting a Killing vector ξ and
satisfying the alignment condition (22) where Fαβ is the self-dual Killing form of ξ. Assume
that F2 := FαβF
αβ is not identically zero. Then the spacetime is locally isometric to an
element of the following two mutually exclusive classes:
• gen-Kerr-NUT spacetime. This class depends on two discrete constants σ =
{−1, 0, 1} and δ = {−1, 0, 1} and, away from fixed points of Killing vectors of (M, g),
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there exist coordinates {u, r, θ, ϕ} where ξ = ∂u and the metric is
ds2 =−
∆(r) + Θ(θ)
ρ2
[du+G(θ)(aG(θ) + 2ℓ)dϕ]2 + ρ2
(
dθ2 +G,θ
2dϕ2
)
+ 2(dr − aG,θ
2dϕ) [du+G(θ)(aG(θ) + 2ℓ)dϕ] , (74)
∆(r) :=σ
(
r2 − ℓ2
)
− 2mr − 2aℓα, Θ(θ) := a2G(θ) (σG(θ)− 2α) ,
ρ2 :=r2 + (aG(θ) + ℓ)2,
G,θ
2 =δ + 2αG(θ)− σG2(θ), G,θ not identically zero
where m, a, ℓ, α are arbitrary constants which, without loss of generality, can be chosen
to satisfy α = 0 if σ 6= 0 and ℓ = 0 if {σ = 0, a 6= 0}. Moreover, δ = 1 whenever
{σ = 1, α = 0} or {σ = 0, α = 0}.
• Type D vacuum Kundt. Away from fixed points of ξ, there exists coordinates
{t, u, r, x}, where ξ = ∂u and the metric is
ds2 = (r2 + ℓ2)
(
−dt2 + Σ,t
2dx2
)
+
1
W
dr2 +W (du+ 2ℓΣ(t)dx)2, (75)
W =
σ(r2 − ℓ2)− 2mr
r2 + ℓ2
, ℓ,m ∈ R, Σ,ttt = σΣ,t
where σ = {+1, 0,−1}.
Remark: The name “gen-Kerr-NUT spacetime” is motivated by the fact that the two-
dimensional space at constant r and u is conformal to a Riemannian surface of constant
curvature σ. When σ = 1, this class is the standard Kerr-NUT spacetime with mass m,
specific angular momentum a and NUT charge ℓ. The cases with σ = 0 (resp. σ = −1)
are analogous in the plane (resp. hyperbolic) cases. This notation follows the one used in
Figure 16.2 in [12].
Proof. Setting Λ = 0 in Theorem 4 in [27] we find that case (A) is impossible. The local
metric in case (B.i) is (away from fixed points of Killing vectors of (M, g))
ds2 = −N
(
dv − Z2dx
)2
+ 2 (dy + V dx)
(
dv − Z2dx
)
+ (y2 + Z2)
(
dZ2
V
+ V dx2
)
(76)
ξ = ∂v, N = c−
b1y + b2Z
y2 + Z2
, V = k + b2Z − cZ
2. (77)
where k, b1, b2, c are constants with the property that V (Z) > 0 in some non-empty interval
where Z takes values. Define s > 0 and m by
c = σs2, b1 = 2ms
3
(when c = 0, s can be fixed to any non-zero value) and introduce three constants ℓ, α, a,
with a > 0 as a solution of the under-determined system
b2 = 2s
3(σℓ+ aα)
k = s4(−σℓ2 − 2aαℓ+ δa2)
}
. (78)
To show that this system is compatible note that
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• when σ = ±1 we can choose {2ℓ = σb2s
−3, α = 0} providing 4δa2 = 4ks−4 + σb22s
−2
(and a > 0 arbitrary if, in addition, 4ks−4 + σb22s
−2 = 0 requiring δ = 0),
• and when σ = 0 we can choose {ℓ = 0, 2α = b2a
−1s−3} where a is given by δa2 = ks−4
(or a > 0 arbitrary if k = 0 which requires δ = 0).
Nevertheless all the expressions below hold for any solution of (78). Consider the coordinate
change Z = s(aG(θ) + ℓ) in terms of which the polynomial V (Z) becomes
V (Z(θ)) = s4a2
(
δ + 2αG(θ)− σG2(θ)
)
> 0
(this shows in particular that δ = 1 if {σ = 1, α = 0} or if {σ = 0, α = 0}, as claimed) and
fix G(θ) by requiring that dZ2/V = s−2dθ2, that is to say, as any solution of the ODE
G,θ
2 = δ + 2αG(θ)− σG2(θ), G,θ not identically zero. (79)
The condition G(θ) not constant is necessary for Z(θ) to define a coordinate change. Note
that, in these circumstances G(θ) also solves
G,θθ = α− σG(θ). (80)
With the additional coordinate changes
y = sr, v =
1
s
(u−
ℓ2
a
ϕ), x = −
1
as3
ϕ
a straightforward calculation brings the metric (76) into the form (74) (note that in this
process the Killing vector field ξ needs to be rescaled appropriately).
Concerning Case (B.ii) with ǫ = 1 in Theorem 4 of [27], the spacetime metric (away
from fixed points of ξ) is
ds2 = −W (dv − wˆ)2 + 2dy (dv − wˆ) + (β2 + y2)h+ (81)
W = (β2 + y2)−1
(
−κ
(
β2 − y2
)
+ ny
)
, dˆwˆ = 2βη+ ξ = ∂v, (82)
where h+ is a positive definite metric of constant curvature κ and volume form η+ and
κ, β, n are real constants such that W (y) is positive in some interval where y takes values.
Define s > 0, ℓ and m by
κ = σs2, β = −ℓs, n = −2ms3.
Being h+ of constant curvature σs
2 it can be written in local form as
h+ =
1
s2
(
dθ2 +G,θ
2dϕ2
)
where G(θ) is a non-constant function satisfying the equation G,θθθ = −σG,θ . In fact,
we can assume without loss of generality that G(θ) satisfies (79) (and hence also (80)).
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Equation (82) for wˆ can be integrated explicitly as wˆ = −2ℓs−1G(θ)dϕ + df , where f is
any function of {θ, ϕ}. Performing the coordinate change
y = sr, v =
1
s
u+ f,
the metric (81) becomes
ds2 =
σ(r2 − ℓ2)− 2mr
r2 + ℓ2
(du+ 2ℓG(θ)dϕ)2 + 2dr(du+ 2ℓG(θ)dϕ)
+ (r2 + ℓ2)(dθ2 +G,θ
2dϕ2)
which corresponds to the gen-Kerr-NUT class with vanishing a.
Finally, case (B.ii) with ǫ = −1 in Theorem 4 of [27] corresponds to the metric
ds2 =W−1dy2 +W (dv − wˆ)2 + (β2 + y2)h−
W = (β2 + y2)−1
(
−κ
(
β2 − y2
)
+ ny
)
, dˆwˆ = 2βη− ξ = ∂v,
where h− is a Lorentzian metric of constant curvature κ and volume form η− and, as before,
κ, β, n are real constants such that W (y) is positive in some interval where y takes values.
We proceed similarly. Define s by κ = σs2 and choose local coordinates {t, x} so that
h− = s
−2(−dt2 + Σ2,t(t)dx
2),
The condition that this metric has constant curvature σs2 is Σ,ttt = σΣ,t. Define ℓ,m by β =
−sℓ and n = −2ms3. The equation for ωˆ can be integrated as ωˆ = −2s−1ℓHdx+ f(t, x).
The coordinate change {v = s−1u+ df, y = sr} brings the metric into the from (75). 
Remark. As shown in Lemma 4 in [20], spacetimes satisfying the hypotheses of Theo-
rem 2 admit an exact Ernst one-form χ associated to ξ, which defines the Ernst potential
χ by χ = dχ. Moreover, selecting (partially) the free additive constant in χ so that
Re(χ) = −g(ξ, ξ), there exist complex constants c and A such that
Q =
−6
c− χ
, F2 = A(c− χ)4.
The constants c and A play an important role in characterizing locally the Kerr metric
among vacuum spacetimes admitting a Killing vector ξ such that the alignment condition
(23) holds and F2 6= 0 somewhere. Such a purely local characterization was first given in
Theorem 1 in [21], where it was claimed that the Kerr spacetime can be characterized by the
condition Re(c) > 0 and A real and negative. Unfortunately, Theorem 1 in [21] is incorrect
as stated because, as we show below, the type D vacuum Kundt spacetime also admits a
particular case with Re(c) > 0 and A < 0. The reason why this possibility was missed
in Theorem 1 in [21] was that the arguments in [20] (on which the validity of Theorem 1
was based) made the implicit assumption that the Killing vector field ξ is not everywhere
orthogonal to the plane generated by the two real eigenvectors {l, k} of the self-dual Killing
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form Fαβ (this condition is automatically satisfied if ξ is timelike somewhere, which was
the case of interest in [20]). This assumption needs to be added to the conditions on c and
A in the local characterization of Kerr in order to make the result correct. We provide here
a corrected version of the theorem and give its proof.
Theorem 3 (Corrected local characterization of the Kerr metric). Let (M, g) be a vacuum
spacetime admitting a Killing vector ξ such that the alignment condition (23) holds with
F2 6= 0 on at least one point. Then there exist complex constants c, A such that
Q =
−6
c− χ
, F2 = A(c− χ)4,
where χ is the Ernst potential (i.e. a function satisfying ∇βχ = 2ξ
αFαβ and which nec-
essarily exists globally on (M, g)). Fix partially the free additive constant in χ so that
Re(χ) = −g(ξ, ξ). Then (M, g) is locally isometric to a Kerr spacetime if and only if the
following two conditions are satisfied
(i) Re(c) > 0 and A is real and negative.
(ii) There is at least one point q ∈ M where F2|q 6= 0 such that ξ|q is not orthogonal to
the 2-plane generated by the two real null eigenvectors {l|q, k|q} of Fαβ|q.
Proof. As discussed above, the “if” part follows from the arguments in [20]. For the “only
if” part we could simply compute the vectors {k, l} and the constants c and A in the Kerr
spacetime and show that both (i) and (ii) hold. However, for completeness we compute
these objects for the full class of spacetimes contained in Theorem 2 and give a direct and
independent proof of the theorem.
For the gen-Kerr-NUT spacetime (74) with the given choice of ξ = ∂u, a direct calcula-
tion shows that the Ernst potential satisfying Re(χ) = −g(ξ, ξ) is
χ =
∆(r) + Θ(θ) + 2i [(aα+ σℓ)r −m(aG(θ) + ℓ)]
ρ2
+ iω0
where ω0 ∈ R is any constant. Moreover, c and A are given by
c = σ + iω0, A =
−1
4 [m− i(aα + σℓ)]2
.
The null eigendirection of Fαβ with eigenvalue (c− χ)
2/[4(m− i(aα+ σℓ)] is generated by
k = ∂r. Hence g(ξ, k) = g(∂u, ∂r) = 1 and ξ is not orthogonal to the 2-plane generated by
{l, k}.
For the Type D Kundt metric, the Ernst potential, the complex constants c and A, and
the real null eigenvectors {l, k} of Fαβ are
χ =
−σ(r2 − ℓ2) + 2mr + 2iℓ(rσ −m)
r2 + ℓ2
+ iω0 c = −σ + iω0, A =
1
4(m+ iσℓ)2
,
l = dt+ Σ,tdx with eigenvalue
−i(σ + χ)2
4(m+ iσl)
,
k = dt− Σ,tdx with eigenvalue
i(σ + χ)2
4(m+ iσl)
.
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The eigenvectors are given in terms of their metrically associated one-forms {l, k} so that
it is obvious that ξ = ∂u is everywhere orthogonal to the two-plane generated by {l, k}.
The Kerr spacetime corresponds precisely to the subclass with σ = +1 and NUT pa-
rameter ℓ = 0 of the gen-Kerr-NUT class. As σ = 1 from Theorem 2 we know that we can
set α = 0 without loss of generality and then A is real and negative. However, the subclass
with {m = 0, ℓ 6= 0, σ = −1} in the type D vacuum Kundt class also has the properties that
Re(c) > 0 and A < 0 and hence satisfies hypothesis (i) in the theorem. From the properties
of the null eigenvectors {l, k} of these spacetimes it is clear that item (ii) selects uniquely
the Kerr class, as claimed. 
For completeness, we write down the second null eigendirection of Fαβ. It has eigenvalue
−(c− χ)2/[4(m− i(aα + σℓ)] and it is generated by
l = ∂u +
a2δ +∆(r)
2(r2 + ℓ2)
∂r +
a
r2 + ℓ2
∂ϕ.
We conclude the paper with Table 1 which summarizes the results in this paper and
those in [20, 21, 27].
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F2 = 0 F2 6= 0
Λ 6= 0
- Pleban´ski (Kerr-(A) de Sitter a 6= 0...).
- Pure LRS (Schwarzschild-(A) de Sitter,
Taub-NUT-(A) de Sitter, ...).
- Type D Kundt.
- Product metrics (uncharged Bertotti-
Robinson, Nariai).
- dS and AdS.
Λ > 0 ∄
Λ < 0
Siklos
(AdS).
Λ = 0
- Vacuum plane waves.
- Vac. stationary Brinkmann.
(vac. irreducible loc. sym.,
Minkowski)
gen-Kerr-NUT, Vacuum Type D Kundt
(Minkowski)
Table 1: The column F2 = 0 is the content of Theorem 1 and we have emphasized that
(a) AdS is included in the Siklos class and (b) that the vacuum plane waves and the
vacuum stationary Brinkmann classes are not disjoint by including (in parenthesis) their
intersection, namely the irreducible locally symmetric vacuum spacetimes. The cell F2 6=
0,Λ = 0 is the content of Theorem 2. The cell F2 6= 0,Λ 6= 0 was proven in Theorem 4 in
[27]. The Pleban´ski case corresponds to case (B.i) in that Theorem, while its case (B.ii) with
ǫ = 1 corresponds to pure LRS metrics: these are metrics admitting a four-dimensional local
isometry group acting on three-dimensional hypersurfaces. These spacetimes were classified
by Cahen and Defrise [5] and contain many special subcases, some of which are explicitly
listed in parenthesis. The type D Kundt metrics correspond to case (B.ii) with ǫ = −1 in
Theorem 4 of [27], and they contain both cases with Λ vanishing or not. The Kerr-NUT-
(A) de Sitter spacetime belongs to the Pleban´ski class as long as the rotation parameter a
is non-zero. The case of vanishing a belongs to the pure LRS case. Finally the “product
metrics” correspond to case (A) in [27] for which the spacetime metric is locally the product
of a Lorentzian two-dimensional metric times a Riemannian two-dimensional metric, both
of them of constant curvature Λ. As a final observation, it is noteworthy that de Sitter,
Minkowski and anti-de Sitter spacetimes are included here, but while AdS and Minkowski
have Killing vector fields with F2 both vanishing or not, dS does not admit any Killing
vector with null Killing 2-form.
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